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PARTITION THEOREMS AND ULTRAFILTERS
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ABSTRACT. We introduce a class of ultrafilters on w called k-arrow ultrafil-
ters and characterized by the partition relation U — (U, k)*. These are
studied in conjunction with P-points, Q-points, weakly Ramsey and Ramsey
ultrafilters.

1. Introduction. Unless otherwise specified, we will use the term ultrafilter
to mean a proper nonprincipal ultrafilter on w. We will be interested in the
following types of ultrafilters U, the first four of which are well known.

1. U is a P-point iff for every partition {4,: n € w} of w with 4, & U for
each n, there exists a set X € U such that X N A4, is finite for each n € w.

2. U is a Q-point iff for every partition {4,: n € w} of w with A4, finite for
each n, there exists a set X € U such that |[X N 4,| < 1foreachn € w.

3. U is a Ramsey ultrafilter iff for every function f: [w]* — 2 there exists a
set X € Usuch that |f(X])| = 1.

4. U is a weakly Ramsey ultrafilter iff for every function f: [w]* — 3 there
exists a set X € U such that | f(XP)] < 2.

5. U is a k-arrow ultrafilter iff 3 < k < w, and for every function f:
[w]? — 2, either there exists a set X € U such that f({X]?) = {0}, or else there
exists a set Y € [w]* such that f({Y]) = {1}. U is an arrow ultrafilter iff U is
a k-arrow ultrafilter for each k with 3 < k£ < w.

An ultrafilter which is both a k-arrow ultrafilter and a P-point (Q-point)
will be called a k-arrow P-point (k-arrow Q-point). Similarly, we will speak of
arrow P-points and arrow Q-points.

It is well known [3] that an ultrafilter is Ramsey iff it is both a P-point and
a Q-point. Moreover, it is clear that every Ramsey ultrafilter is weakly
Ramsey, and it will be shown later (Corollary 2.5) that every weakly Ramsey
ultrafilter is an arrow P-point. If U is a (k + 1)-arrow ultrafilter then clearly
U is a k-arrow ultrafilter.

In §2 we prove several characterizations of these classes of ultrafilters. §3
contains the main results. We show that if U is weakly Ramsey and V is a
k-arrow P-point, and U and V are incompatible in the Rudin-Keisler
ordering, then V' X U is a k-arrow ultrafilter. It is also shown that most of
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these hypotheses are necessary. In §4 we give several constructions (most
assuming a consequence of Martin’s axiom) showing that the classes of
ultrafilters being considered are distinct. In §5 we briefly consider extensions
to the case where U is a k-complete ultrafilter on the uncountable measurable
cardinal k. §6 contains some questions.

The authors would like to thank Fred Galvin and Akihiro Kanamori for
several suggestions that have been incorporated into the writing of this paper.
Their specific contributions will be noted at the appropriate places.

2. Some characterizations. Recall that the Rudin-Keisler ordering on ultrafil-
ters is given by D < rx U iff there is a function f: w — w such that X € D iff
fIX)E U. If D <px U and U <gx D, then we say that U and D are
isomorphic (denoted U = D). It is straightforward to verify that, except for
Q-points, the classes of ultrafilters that we are considering are closed down-
ward in the Rudin-Keisler ordering.

It is well known that an ultrafilter U is Ramsey iff it is minimal with
respect to the Rudin-Keisler ordering. Several other equivalent definitions of
a Ramsey ultrafilter are also known (see [3], [4], and [11]). In view of our
definition of k-arrow ultrafilters, it seems appropriate to add a few more
equivalents of “Ramseyness” to the list. First, however, a bit of notation
should be introduced.

NortaTION. If P, Q and R are collections of sets and n € w, then P —
(O, R)" denotes the assertion that whenever Z € P and f: [Z]' — 2, either
there exists a set X € Q such that f([X]") = {0}, or there exists aset Y € R
such that f({Y]") = {1}. In order to conform with the customary notation, we
will let £ denote the collection of all sets of cardinality k and we will write
P —(Q); in case Q = R. For example, U is Ramsey iff U — (U)3, and Uis a
k-arrow ultrafilter iff U — (U, k).

THEOREM 2.1. If U is an ultrafilter on w, then the following are equivalent
conditions on U.

(i) U is a Ramsey ultrafilter.

(i) U - (U, w)*

(iii) U » (U, 4)°.

Proor. It is well known [3] that if U is Ramsey then U — (U)j; for every
n € w. Hence, (i) immediately implies both (ii) and (iii). We will show that
(ii) — (i) and (iii) - (i).

(ii) — (i): It suffices to show that if U — (U, w)? then U is both a P-point
and a Q-point. Suppose first that U is not a P-point and let {4,: n € w} be a
partition of w such that 4, £ U and such that for every X € U there exists
some n € w such that | X N 4,] = w. Notice that we lose no generality in
assuming that |4,| = w for all » € w. Moreover, we actually have that if
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X € Uthen |X N 4,| = o for infinitely many n € w. Define a relation & on
w by

n€ 4;andm € 4;andi < j,or
n,m€ A;andn < m.

n Q miff {
Notice that &) is a well ordering. Define f: [w]* — 2 by

f({n,m})=0 iff <} {n,m} =1 {n,m).

If f(XP) = {1} then (X, < } X) = (X, O | X), s0 |X| < w since there are
no infinite descending @-chains. On the other hand, if f(XJ>) = {0} then
X, < 1 X)=(X,Q X), so the order type of (X, | X) is at most w.
Hence, if |X N A4,| =  for some n € w, then X N A4,, = 0 for all m > n, and
$0 X C U{4;:i < n} whichisnotin U.If [X N 4,] < w for all n € w then
our assumptions on the partition {4,: n € w} again force us to conclude that
X & U. Thus, if U is not a P-point, then U 5 (U, w)*

Suppose now that U is not a Q-point and {4,: n € w} is a partition of w
into finite sets such that for all X € U there exists some n € w such that
|X N A4,] > 1. Define f: [w]* =2 by f({n, m}) = 1 iff there exists i € w such
thatn,m € A,. If f( X)) = {1} then X C 4, for some i € w, so X is finite. If
F(XP) = {0} then |X N 4;| < 1foralli €w,s0 X & U. Thus U 4 (U, w)?,
which was to be shown.

(i) — (i): Suppose U — (U, 4)? and let f: [w]* - 2. Define g: [w]) =2 by
g({x,y,2}) = 1iff f({x,y}) =0 and f({y,2z}) =1, where x <y < z. It is
clearly impossible to have g Y]’) = {1} for any set Y € [w]*. Hence, there
exists a set X € U such that g(XP’) = (0}. If f(XP) = {1} then we are
clearly done. Suppose then that f({x,y}) = 0 for some pair {x,y)} € [XP
with x < y. Let X' = {n € X: n> y}. Then X’ € U and we claim that
FAXP) = {0}. If not, then we have x,y, z,w € X with x <y < z < w and
J(x,}) =0 and f({z,w)) = 1. It f({y, 2}) = 1 then g({x, », z}) = 1, and
if f({y, z}) = 0 then g({y, z, w}) = 1. Hence either case contradicts the fact
that g((X ) = {0}. This completes the proof.

In order to give some characterizations of P-points and weakly Ramsey
ultrafilters we will need the following definitions.

DErFINITION 2.2. (i) If f: [w] — &, U is an ultrafilter, and j < k < w, then f
is a j-partition for U iff {x: {y: f({x,y}) =j} € U} € U.

@ii) If f: [ — k then a set X C w is eventually homogeneous for f iff X is
infinite and there is a nondecreasing function g: w — w such that f is constant
on {{p, q} € [XT: 2(p) < g}.

(i) If T C [w]” then a set X C w is eventually homogeneous for T iff X is
infinite and there is a nondecreasing function g: w — w such that [X Ig € Tor
[X]; N T =0, where
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[X],= {Y e[x]:vyey, {y+1,...,800-1}n Y=0}.

REMARKS. (i) If f: [w]> — k and k < w, then f is a j-partition for U for some
uniquej < k.

(i) If g: w > wis given by g(n) = n + 1 then [X]; = [X]".

(iii) If T C [w]” and there exists an eventually homogeneous set for T, then
T is in fact Ramsey (i.e. there exists a set Y € [w]” such that either [Y]* C T
or[Y}* N T =0).

THEOREM 2.3. If U is an ultrafilter on w then the following are equivalent
conditions on U.

(i) U is a P-point.

(i) If T C[w]® and T is T} then there exists a set X € U such that X is
eventually homogeneous for T.

(i) If k € w and f: [w]* — k, then there exists a set X € U such that X is
eventually homogeneous for f.

ProoF. The proof that (i) — (ii) is based on an adaptation of Ellentuck’s
techniques [5] as employed by Milliken [12]. We will not give the proof here
since it is quite lengthy and we will not be needing the fact that P-points
satisfy condition (ii). The reader is thus referred to [17] for the proof that
(i) — (ii). In view of this, we will give the proof that (i) — (iii) even though (iii)
follows immediately from (ii).

(i) — (iii): Suppose U is a P-point and f: [w]* — k. Choose j < k such that
[fis a j-partition for U. Then there exists a set B € U such that for all x € B
we have 4, € U where 4, = {y: f({x,y}) =j}. If g is any nondecreasing
function mapping w to w such that X — 4, C g(x) for every x € X, then g
shows that X is eventually homogeneous for f.

(iii) — (i): Suppose {4;: i € w} is a partition of w such that for each i € w,
A; & U. Define f: [w]* — 2 by f({m, n}) = 0 iff there exists an i € w such that
m, n € A;. It is easy to see that if X € U is eventually homogeneous for f
then X N 4; is finite for each i € w. Hence U is a P-point and the proof is
complete.

THEOREM 2.4. If U is an ultrafilter on w then the following are equivalent
conditions on U.

(i) U is a weakly Ramsey ultrafilter.

(ii) For every partition {A,: n € w} of w with A, & U and for every function
f: [w]? =2 there exists a set X € U such that |X N A,| < w for all n € w and
fis constant on [X N A} for alln € w.

(iii) If n € w and f;: [wWP —2 is a O-partition for U for each i < n then
either (a) or (b) holds:

(@3x € Ui < n(f,((XP) = {OD).
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(b) Vk € 03X € [w]'Vi < n (f(XP) = (1))

(V) If fo, f1: [wF — 2 are O-partitions for U then either (") or (b") holds:
(@)3Xx € U3i <2 (f((XP) = {0)).
®) 3{p, }Vi <2(fi({p,q}) = D).

ReMARK. The authors originally worked with condition (ii). It was
Kanamori who pointed out to us that (ii) is in fact equivalent to the more
familiar notion (i). The proof that (i) is equivalent to (ii) is included with his
kind permission.

PROOF. (i) — (ii): Suppose that U is weakly Ramsey and let {4,: n € w)
and f: [w]> — 2 be as in (ii). Since U must be a P-point (see [1]) we can assume
without loss of generality that each 4, is finite. Define g: [w]* — 3 by

g((xy}) = {f({x,y}) if3n [{x,y} C 4,]

2 otherwise.

Since U is weakly Ramsey, there exists a set X € U and a set B C 3 such
that |B| < 2 and g((X]’) C B. It is clear that we must have 2 € B. Thus,
either 1 & B (yielding f(X N 4,F) = {0}) or 0 & B (yielding f((X N 4,P)
= (1)

(ii) — (ii): If U satisfies (ii) then clearly U is a P-point. Suppose now that
n € w and for each i € n we have a O-partition f: [w]?—2 for U. Let
X; € U be eventually homogeneous for f; and let g;: w — w be the associated
function. Let X = N {X;: i < n}. Notice that since each f; is a 0-partition for
U it must be the case that f;({ p, g}) = 0 whenever p, ¢ € X; and q > g,(p).
We construct disjoint finite sets {B,,: m € w} such that B,, C X. Let B, =
{inf(X)}. Given B,, let

kn =max{g(j):i<njE€ByU---UB,)
and let

By =Xn(k,+1)=(BouU -~ U B,).

Without any loss of generality, we can assume that U {B,,,: m € w} € U.
Now, for each i < n choose Y; € U such that f; is constant on U, [Y; N
B),fandletZ=XNnY,n--- N 7Y, If some X N Y, is homogeneous
for some f; then we are done. If not, then each f is constantly one on
[Y; N By, for every m. If |Z N B,,,| > k for some k then (b) is true. If not,
then there exists Z’ C Z such that Z’ € U and |Z’ N B,,,| < 1 for all m. But
then every f; would be constantly zero on [Z'%.

(iii) — (iv): Trivial.

(iv) = (i): Suppose f: [w]* — 3 and assume, without loss of generality, that f
is a O-partition for U. Define f, and f; mapping [w]® to 2 as follows:
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0 iff({p,q}) €(0,1},
1 iff({p.q}) =2,

_ |0 iff({p,q}) €{0,2)},
Li({p.q}) = {1 if f({p, q}) = 1.

Clearly both f; and f, are also 0-partitions for U. We clearly cannot have both
5P, ¢)) = 1and £,({p, q}) = 1, so condition (iv) guarantees that f;,(X ) =
{0} for some X € U and some i < 2. If f((X]) = {0} then f(X) C {0, 1},
and if f;(XP) = {0} then f(XP) C {0, 2}. Thus, in either case we have
|fCXP)| < 2 and so U is seen to be a weakly Ramsey ultrafilter.

COROLLARY 2.5. If U is a weakly Ramsey ultrafilter then U is an arrow
P-point.

fO({p, q}) = {

ProoF. This follows immediately from the case n = 1 of Theorem 2.4(iii) .

3. Products and sums that are arrow ultrafilters. Our primary concern in this
section is with the problem of determining when a product of ultrafilters is a
k-arrow ultrafilter. We begin with some definitions.

DEeFmNITION 3.1. Let U be an ultrafilter on w X w and let D and U; for
i € w be ultrafilters on w. Then U is the D-sum of the U’s (denoted
U = D 3 U) iff U satisfies the following:

U={dcoXxw {x:{y:(x,y)€4)€U,} €D}

In the special case where the ultrafilters U; are all equal to the same ultrafilter
V on w, we have that DI U, = D X V. That is;

DxV={Acoxw {x:{y:(x,y)EA)EV}ED}.

DermNiTION 3.2. If U and V are ultrafilters on w then U and V are
incompatible (in the Rudin-Keisler ordering) iff U’ & ¥V’ whenever U’ < rx U
and V' < rxV.

The reason that we consider Definition 3.2 is illustrated by the following
theorem which gives some conditions on ultrafilters U and V that are
necessary if U X Vis to be a k-arrow ultrafilter.

THEOREM 3.3. Suppose D X U is a k-arrow ultrafilter. Then D and U are
incompatible k-arrow P-points.

ProOF. Suppose first that D and U are compatible. Thus, there exist
ultrafilters D’ and U’ such that D’ <px D, U’ <pxkU and D' = U’. It is
easy to check that D’ X U’ <rxkD X U, and, as remarked earlier, the
k-arrow ultrafilters are closed downward in the Rudin-Keisler ordering.
Hence, if D X U is a k-arrow ultrafilter then so is D’ X U’. We show that
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this is impossible. Since D’ = U’ it is easy to see that D’ X U’ = D’ X D".
Thus, it suffices to show that D’ X D’ 54 (D’ X D’, 3)%. Define f: [ X w}* -
2 by

F({(m, ), (n3, mg)}) =1 iffny < my=n3 <y
It is clear that if f(X]») = {1} then |X| < 3. Suppose now that P € D’ X
D'. For each n€wlet 4,= {y: (n,y) € P} and let B = {n: A, € D’}.
Then B € D’ since P € D’ X D’. Choose n; € B and choose n, € 4, N B
such that n, > n,. Let n; = n, and choose n, € 4, such that ny > n,. Then

{(n1 ), (n3, ng)} G[P]2 and f({(n;, ny), (13, m4)}) = 1.
Thus f((P]?) # {0} for any P € D’ X D’. This completes the proof that D
and U must be incompatible.

The fact that both D and U must be k-arrow ultrafilters follows because D
and U are RK-below D X U and the k-arrow ultrafilters are closed down-
ward in the Rudin-Keisler ordering.

It remains only to show that D and U must both be P-points. Suppose D is
not a P-point, and let {4,: n € w} be a disjoint partition of w into infinite
sets not in D, such that for all X € D, {n: X N A, is infinite} is infinite.
(This is easily done since D is not a P-point.) Moreover, we can assume that
A, N n = 0. Define f: [0 X w]> -2 as follows:

f({(y, 2), (¥, z’)}) =1 iff yEAd,andy’ €4, andy <x' <z <y

Suppose first that f is one on all pairs from {(y, z), (', z'), (»”, ")} where
y<y <y’ . Theny€A,y €Ad,y" €A, and y < x' <z <y (since
JE, 2, (0, ) = 1), and y’ < x” < 2/ < y” (since f({(", 2, (%", 2")})
= 1). Thus z < x”. But since f({(», 2), (¥",2z")}) =1, wehave y < x" < z
< y”,s0 x"” < z. This contradiction shows that if f((X]?) = {1} then |X| < 3.
Suppose now that P € D X U and f(P]*) = {0}. Let

B={nY, €U} whereY,={y:(ny)EP}.

Thus B € D. Choose y € B and let x be such that y € 4,. Choose x* > y
such that 4, N B is infinite. This is possible by our assumptions on D and
the sequence {4,: n € w}. Choose z € Y, such that z > x" and choose
Y' € A,. N B such that y’ > z. This is possible since 4,. N B is infinite.
Finally, choose z’ > y" such that 2’ € Y. Theny < x' < z < y’andy € 4,
and y’ € A4,.. Moreover, (y,z) € P since z € Y, and (y',2') € P since
2 € Y,. Thus {(y,2), V', 2)} € [PP? and f({(), 2), (', 2)}) = 1, which is
the desired contradiction.

Suppose now that U is not a P-point, and let {4,: n € w} be a disjoint
partition of w into infinite sets not in U, such that 4, N n = 0 and, for all
X € U, {n: X N A, is infinite} is infinite. Define f: [w X w* -2 by
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f{(x,2), (x,2)}) =1 iffz€A4,2 €4,,x<y <z

X <y'<zZandy<x'<z<y'.
As before, it is clear that f is not constantly one on any three element set.
Suppose P € D X U and let B = {n: Y, € U}, where again, Y, = {m:
(n, m) € P}. Choose x € B and choose y > x such that 4, N Y, is infinite.
Choose x” > y such that x” € B. Choose z € 4, N Y, such that z > x". Now
choose z' € 4, N Y, wherey’ > z and z’ > y’. Then f({(x, 2), (x', 2')}) = 1
as desired. Hence D X U is not a 3-arrow ultrafilter and the proof is
complete.

REMARK. An easy extension of the proof of Theorem 3.3 shows that if
D X U, is a k-arrow ultrafilter then D is a k-arrow P-point and {i: U, is a
k-arrow P-point} € D.

REMARK. Kanamori has pointed out to the authors that an argument
similar to that employed in the last part of the proof of Theorem 3.3
establishes the following: If U is a 3-arrow ultrafilter and f is neither constant
on a set in U nor finite to one on a set in U then the ultrafilter

PU) = (X Corf1(X) € U)

is a P-point. The importance of this observation is that it shows that 3-arrow
ultrafilters are at least as hard to find as P-points (i.e. if there exists a 3-arrow
ultrafilter then there exists a P-point).

We now turn our attention to the task of obtaining some positive results
concerning products and sums that are k-arrow ultrafilters. Although our
final results are rather easily stated, their proofs require a series of somewhat
technical lemmas. We begin with two such lemmas which isolate a desirable
feature possessed by incompatible P-points.

LEMMA 3.4. Suppose D is a P-point and D is distinct from each element of the
countable collection {U;; i € w) of ultrafilters. Then there exists a set A € D
suchthatw — A € N{U;:i € w}.

ProoF. For each i € w choose a set 4, € D — U,. Since D is a P-point
there exists a set A € D such that 4 — 4, is finite for all i € w. It is easy to
see that A works.

NoTE. It is easy to see that Lemma 3.4 can fail if D is not a P-point. In
fact, the reader familiar with the topology of Bw — w will recognize that the
conclusion of Lemma 3.4 fails iff D is a limit of the U;’s.

LeMMA 3.5. Suppose D is a P-point and D is incompatible with each element
of the set {U;: i € w} of ultrafilters. Let A € D be such that B € N{U;:
i € w} where B =w — A. Suppose {A,: n € w} and {B,: n € w} are (respec-
tively) pairwise disjoint partitions of A and B into nonempty finite sets. Then
there exists A’ C A and B’ C B such that A’ € D, B’ € N{U;: i € w}, and
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such that for alln € w,A’' N A, #0iff B’ N B, =0.
PRrooF. Let
D'={XCw U{4,:nEX}ED}
and for each i € w let
U={XCw:U{B:neX}eEU}

Then D’ <rx D and U; <rx U for each i € w. Since D is a P-point, D’ is
also a P-point, and our assumption guarantees that D’ is distinct from each
U/. Hence, by Lemma 3.4 there exists a set X € D’ such that w — X €
N{U:i€w}.Letd"= U{4,:n€ X}andlet B'= U{B,:nE€Ew— X}.
ThenA’€ D,B’ € U;andA' N 4, #0iffn € Xiff B n B, = 0.

The next few lemmas give some basic results about sums and partitions
that will be needed later.

LeMMA 3.6. Suppose U is an ultrafilter and f: [wF — k. If i < k and f is an
i-partition for U then f((X?) = {i} for some infinite set X C w.

PrOOF. Let A(x) = {y: f({x,y}) = i} andlet 4 = {x: A(x) € U}. Since f
is an i-partition for U, 4 € U. Define {x;: i € w} = X inductively, starting
with x, € 4. If x,, ..., x,_, have been defined and are in 4 then choose
X, EANA(x) N --- N A(x,_)). Clearly X works.

LEMMA 3.7. Suppose U = D 3 U, and f is a O-partition for U. Define:

l'Axoyox, = {yl:f({(xO’yO)a (xl’yj)}) = O}'
2.B,, = (x:4,,, € U}

Then B € D.

Proor. We simply unravel the definitions of “0-partition” and “D-sum”,
ie.

fis a O-partition for U

i {(x0y0): (2171 S((%pyh (1)) =0} EDS U} €D S U,

iff {xo: {yo: {(x1,): f({(x70), (x,y)) =0} EDZ U} €U} ED

iff {xo: {yo: {x12 {¥i: f({(x0¥0), (x,y)) =0} E U, }ED}E U, } ED
iff {xo: {yo: {x1: 4spx, EU, ) ED}E U, }ED

iff {xo: {yo: By,y, EDP}YE U} ED

iff {xo: 4,, € U} €D

iff B € D.

LemMA 3.8. Suppose D is a k-arrow ultrafilter and U = D 3 U,. Let f:
[@ X W] — 2 and suppose that VX € [w X o], f(X]P) # {1}. Then
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(3B € D)(Y{xy x,} €[ BI’)(U,, = Uy, = E(xpry € U, ),

where

E(aony = {72 f({(x0 %), (x1,.)}) = 0}

ProOF. Define g: [w]—2 by g({xo x,}) =0 iff either U, # U, or
E( .x) € U,, = U,,. Suppose that there exists some X € [w]" such that
g(Xx ]i) = {1}. Then there is some ultrafilter U such that U, = U for all
x € X such that {y: f({(x;»), (x,»)}) = 1} € U whenever {x;, x} ELX P
Choose

y € N {7 ({(xa2). (5:))) = 1}: (%, %} €[XT'}.

Then f([{(x;, »): x; € X}P)) = {1} contrary to our assumption. Hence, there
exists a set B € D such that g((BJ) = {0}. Clearly B is the desired set.

LEMMA 3.9. Suppose D is a k-arrow ultrafilter and U = D I U,. Let f:
[w X wJ — 2 and suppose that VX € [w X «I, f(X]) # {1}. Then
2
(3B € D)(V{x, x,} €[ B])(Gixoy € Us,)
where
G(mel) {)’0 X0Y0X) le }

ProOF. Define gy: [w]* —2 so that if x, < x, then gy({xo, x,}) = 0 iff
Gxoxp € Uy, Define g;: [w] > 2 so that if x, > x, then g1i({xp x;}) = 0 iff
Gxoxp € Uy, It will clearly suffice to show that for each i < 2 there exists a
set B, € D such that g,([B;]) = {0}. We consider only the case i = 0 since
the case i = 1 is similar. Suppose for contradiction that go([{xg, - - . , X, }P)
= {1}. Let

A;oyox, {)’1 f({(xo’YO) (xvyl)}) = 1}
For each ordered pair (i, /) with0 < i <j < k — 1, let
G'lixny = {y (3 }

Since gy([{xqs - -+ » X, }) = {1} we have that G(x x) € U, for all i, j with
0< i< j< k-1 Choose

Yo € n{Gl(XO‘,g)i 0<j<k- 1}
Suppose yy, . . . , ¥, have been defined. Choose
Y € N{G'yuy:d <r<k=—1}n N{45,,:i<j}

Then f ([{(xo, Yob oo s (Xe— 1 Yi—-1)}) = {1} contrary to our assumption.

The next lemma is stated without proof since it involves nothing more than
a gathering together of the information provided by Lemmas 3.6-3.9. The
notation introduced in these lemmas is retained.
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LeMMA 3.10. Suppose D is a k-arrow ultrafilter and U= D Z U,. Let f:
[0 X WP —>2 and suppose that VX € [w X o[, f(XP) # {1}. Then there
exists a set K € D such that (1)~(3) are satisfied:

1. Forallx € K, A, € U,.

2.If (xo, x,} E[KFand U, = U, then E(, ., € U, = U,.

3.If {xq, x,} € [KP, then G ., € U, and G, ., € U,.

The next lemma is the key result needed for the “positive” theorems that
we have been able to obtain concerning partitions of sums and products.

LeMMA 3.11. Let {D, Uy, U,, . .. } be a set of k-arrow P-points such that D
is incompatible with each U, and let U= D = U, Let f: [w X 0> —>2 and
suppose that VX € [w X o), f(XT) # {1}. Then there exists a set P € U and
a collection {A,: n € w} of finite subsets of w satisfying the following:

1. For all n € w, sup(4,) < inf(4,, ).

2IfA=U{4,:nEw)and B=w— A, then B € D and A € U, for all
x € B.

3.PCB XA.

4. If {(x,»), (', »)} € [P} and f({(x, ), (x’,y)}) = 1, then x # x and
there is some n € w such that {y,y’'} C A,.

PrROOF. We retain the notation of Lemmas 3.7-3.10. Let K € D satisfy
conditions (1)~(3) of Lemma 3.10. By Lemma 3.4 we can clearly assume that
M € N{U;: i € v} where M = w — K. We now exploit the fact that D and
each U is a P-point as follows. Choose L € D such that |L — B, , | < w for
all xq, yo such that B, , € D. For each x € w choose N, € U, such that
INx - Axl’ INx - Axoyoxl’ INx - E{x,x')l’ |Nx - G(x,x’)l’ INx - G(x’,x)l <w
whenever A4,, 4, .o E(xx) Gixxy Gxxy € Uy Finally, let B’ = K N L, 4
=MNN,and4A"=w— B’

The next step is to inductively construct a sequence {(D;, C): i € w} of
pairs of finite sets satisfying the following:

(i) sup(C;) < inf(C;,) and sup(D;) < inf(D;,).

(i) A’= U{C,:n€w}and B’ = U{(D,: n € w}.

(i)Ifye C,x<yandx € B',thenx € DyU - - - U D,,,.

V) f x,EDyU---UD, ypECU:--UC, and B, , € D, then
B’ —=(DyuU ---UD,,,)C B,

34}

W) If {xg, x;} E[Dy U - - - U D,J* then
Ny =(GouU - --UG)CA,N Gixyy and
N, =(GU - -+ UG)CEyy HU,=1U,.
i) If {xg x,} E[DpU - UD,P, yoECoU -+ UC,_, and 4
evy;,, then

XoYoX1

Nx, - (COU et U Cn) gAxoyox,'
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Let Dy = {by} where b, is the first element of B’. Choose k large enough so
that N, — k C 4, (Since b, € B’ C K we have that 4, € U, so [N, —
A, | <w) Let Cy={y € A”: y < k). This defines (D, Cp) so that (i) and
the first part of (v) will be satisfied, and the rest are vacuously taken care of.
Suppose now that {D,, ..., D,} and {C,, . . ., C,} have been defined.

Construction of D, .. ,. Let

ro=sup({b € B:3y € CoU -+ - U C, (b <)}).

Choose r, large enough so that

B —rcC ﬂ{BXOyO:xOE Upb,yeU C,-,BWOED}.

i<n i<n
Choose r, such that r, > ro, ry, inf(B’ — (Do U - - - U D,)). Finally, let
D,yy={x€B —(DyuU---UD,):x<rn)}

Construction of C, . Notice that if {xo, x,} €[DyU * -+ U D,,,]* then
Ay Gixoxp €Uy, and E, .\ € U,, whenever U, = U,. This is true
because Dy U - -+ U D,,; C B’ C K. Hence, it is possible to choose s, large
enough so that the following hold whenever xo, x, € Dy U - - - U D,,,:

@N,, =50 C E, x,if xo % x; and U, = U,

(b) Ny, — 50 C Gz x) if X0 # X

(©N,, —sC4,,

@ N,, — 50 C Ayyor, if X0 # X1, 90 E U - - - U C, and 4, , . € U,.

Choose s, > sg, inf(4” — (Co U + + - U C,)). Finally, let

Cui={y €4 = (GU---UGC)y<s)

This yields the pair (D,,,, C,,;) and completes the construction. The
resulting sequence {(D,, C,): n € w} clearly satisfies conditions (i)~(iv).

At this stage we make use of the fact that D is incompatible with each A
by repeatedly applying Lemma 3.5 to obtain sets 4 C A’ and B C B’ such
that B € D and {i: A € U;} € D and such that (1')«(4’) hold:

"4nC,=00orBNnD,,,=0.

2.4A4nC,=00rBnD,=0.

3.4nC,=00rdNnC,,,=0.

4.4nC,=0orBNnD,_,=0.

This is done as follows. First apply Lemma 3.5 to the partitions {C,: n € w)
of A” and {D,: n € w} of B’ — {b,} where D, = D, ,. This yields B” € D
and 4” € N{U;: i € w} such that if A” N C,+# 0 then B” N D,,, = 0.
Considering now the partitions {D,: n € w} and {C,: n € w}, we obtain
from Lemma 3.5 sets B”” € D and A" € N {U;: i € w} such that if B”' N
D, # 0 then A" N C, = 0. Finally, apply Lemma 3.5 to the partitions {D,:
n € w} and {C,: n € w}, where C, = C,,,, to get B”” € D and A" €
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N{U;: i € w} such thatif B”” N D, #+ 0thenA4”" N C,,, = 0. Let
Bo - U {D”: Bl n BI/ n B/// n B/l/l n D,, ?1:0}.

Then B, € D. Let

Ay=U{C:4' NA"NnA"NA" N C,#*0andneven}
and let

A =U{C:A NnA"N A" N A" N C,+0andnodd}.
Then either By = {i: Ay € U;} € D or B| = {i: A, € U;} € D. Without loss
of generality assume the former. Finally, let 4 = Ajand let B = B, N Bj.

CLAM. f({(xg, ¥o), (1, ¥1)}) = 0 provided the following are satisfied.

a'. xg, x; € B and xy # x,.

b.yo€ANn N, andy, EANN,.

¢’ . xy < ypand x; < y,.

d’. Eitheryo = y;and U, = U, orVn E w (yo & C, ory, &€ C,).

Proor oF CLaM: Case 1.y, = y,and U, = U, .

Choose n € w such that y, € C,. By condition (iii) and our assumption
that x, < y, and x; < y,, we have that xy, x, € DyU - - - U D,,,. Since
An C,#0, we have that BN D,,, =0 (by 1') and B n D, =0 (by 2.
Thus xy, x, € Dy U - - - U D,_,. But then by (v) we have

Yo € Nxo - (CO u---u Cn—l) c E(Xo,Xl)

since U, = U, by (d). Hence f({(xq, ¥o), (X1, ¥1)}) = 0 as desired.

Case 2.y, < y;.

Choose ny, n; € w such that ny < n, yo € C, and y, € C,. This is
possible by the assumption in (d’). Then, as in Case 1, x, € Dy U - - - U
D, _, and x, €Dy U * ++ U D, _,. In fact, by (4) we have xy, x; € D,
U-*r--u Dn,—2‘

SuBcLAM. 4, , . € U, .

PROOF OF SUBCLAIM. Suppose first that x; € Dy U + + - U D, . Then, in
fact, x;, € Dy U - - - U D, _, (by (I') and (4")). But then

Yo € Nxo - (CO u---u C,,o_z) c G(xo,x,) n G(x,,xo)'

Hence 4, , . € U, as desired. Suppose now that x; € DyuU « - - U D, .1

Since xo € B, 4, € U, . Thusxo € DU - -+ U D, _, and
YoEN, = (CU -+ UCGC,_)C A4,
by (v),s0 B, , € D.Nowxo € DyU - -+ U D,, € CoU -+ - U C, and
B, ,, € D, so we have
x€B—-(DyuU---UD,, )CB,

by (iv). Hence, A4
Subclaim.

(34

xovor, € Ux, by definition of B, ,. This proves the
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We can now complete the proof of Case 2. We have: x4 x, € D,
u---u Dn,—Z; xO?ts X15 Yo € CO Uu---u Cn,—2 (by (3,)); an.d Axoyox, €
U, Thus, by (vi),

y|ENX|_(C°U et U C"n"')gAxo)'o"l

50 f({(x0» Yo)» (x171)}) = O as desired. This completes the proof of the claim.

In order to complete the proof of Lemma 3.11, we “pare down” the set
B X A to the desired set P € U. First, choose sets N, € U, for all x € B
such that f({(x,y), (x,5")}) = 0 whenever {y,y’} € [N/P. This is possible
since U, — (U,, k)% Second, choose sets N € U, so that if U,, # U,, then
N,, n N;, = 0. Finally, choose 4* € U, for each x € B such that A* C N,
NN,NN' NnAand4* N x =0. Let

P={(x,y):x € Bandy € 4*}.

Then fOl’ cvery pair {(xO, yO): (xl’ yl)} € [P]Z we havef({(xO’ yO)’ (xl, yl)}) =
0, provided there exists n, m € w such that n # m, y, € C, and y, € C,,.

Clearly then P is the desired set and the proof of Lemma 3.11 is complete.

With Lemma 3.11 now at our disposal, we are ready to derive several
“positive” results concerning partitions of sums and products. We begin with
the following.

THEOREM 3.12 Suppose that {D, Uy, Uy, . ..} is a set of pairwise incompat-
ible k-arrow P-points, and let U = D 3 U,. Then U is a k-arrow ultrafilter.

ProOF. Choose B € D and 4* € U, for each x € B, and a partition {4,
n € w} of A = w — B such that 4* C 4 and f({(x, y), (x,¥)}) = O when-
ever x =x" or {x,x'} E[BP,y €A%,y €EA* and An(y €EA, and y’ &
A,). This is possible, of course, by Lemma 3.11. But now using Lemma 3.5 it
is easy to inductively construct sets A7 C A* for each x € B such that
Ag € U,, and such that if 45 N A4, 0 then 45 N 4, =0 for all x’ € B
with x’ > x. Then

P={(x,y):xEBandy EAF}EU
and f([P]) = {0} as desired.

CoROLLARY 3.13. If there exists a countable collection of pairwise
nonisomorphic Ramsey ultrafilters, then there exists an arrow Q-point that is not
a P-point.

Proor. If {D, Uy, Uy, ...} is a collection of pairwise nonisomorphic
Ramsey ultrafilters then, since Ramsey ultrafilters are minimal in the Rudin-
Keisler ordering, the elements of this collection are, in fact, pairwise
incompatible. Let U= D I U,. The partition w X w = U {4,: n € w},
where 4, = {n} X w, shows that U is not a P-point, and Theorem 3.12
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guarantees that U is k-arrow for all £ with 3 € k < w. The fact that U is a
Q-point follows from a result of Puritz [14].

Corollary 3.13 was one of the primary reasons that we considered sums as
opposed to the more restricted class of products. Having obtained this, we
now consider products. Let us begin by deriving the obvious corollary of
Lemma 3.11.

LeMMA 3.14. Suppose that D and U are incompatible k-arrow P-points. Let f:
[@ X w]* -2 and suppose that VX € [w X W], f(XP) # {1}. Then there exist
aset B € D, a collection {A,: x € B} C U and a partition {C,: n € w} of w
such that the following are satisfied:

1. The set P = {(x,y): x € Bandy € A,}isin D X U.

2. For all n € w, sup(C,) < inf(C, ).

3. 0 {(%, ), (x,)) E[PP and f({(x, ), (x,¥))) = 1, then x # x' and
y#yand3n € w(y,y’ € C,).

ProoF. Immediate from Lemmas 3.8 and 3.11 and the definition of
product.

The next result is the best that we have been able to obtain concerning
when a product is a k-arrow ultrafilter.

THEOREM 3.15. Suppose U is weakly Ramsey, D is a k-arrow P-point, and U
and D are incompatible in the Rudin-Keisler ordering. Then D X U is a
k-arrow ultrafilter.

PROOF. Suppose f, B, 4,, P and {C,: n € w} are as in Lemma 3.14. For
each ordered pair (m, n) € B X B define Siommny: [w]? - 250 thatif y < y’ then
f(m,n)({y’ y,}) =0 lfff({(m’ _}’), (n’yl)}) =0.

CLamM. There is a set B’ € D such that for all (m, n) € B’ X B’ there
exists a set H, ,, € U such that f,,, ,\(H,, »,J) = {0}.

PROOF OF CLAIM. Define Ay, h;: [BP -2 as follows. Let m, n € B with
m < n. Then set hy({m, n}) = 0 iff there exists a set H, ,, as desired, and set
hy({m, n}) = 0 iff there exists a set H, ,, as desired. It suffices to show that
there are sets By € D and B; € D such that 4,(B;]>) = {0} fori =0, 1. We
consider only the case i = 0 since the other is analogous. Suppose no such set
By € D exists. Then there exists a set {xg,...,x,_,} €[BJ siuch that
Xo <+ <x_yand hy([{xq ..., X 1}]) = {1}. Notice that if 0 < i <j
< k — 1 then f, ) 1s a O-partition for U. Since U is weakly Ramsey, we can
appeal to Theorem 2.4(iii) and obtain a set {yg, ...,y _,} € [wf such
thatyo < - -+ <ye—yand fio o({ Vo - - - s Vi—1}P) = {1} whenever 0 < i <
J < k—1. But then f([{(xpY0):---» (Xe_1, e—)}P) = {1}. This contra-
diction proves the claim.

To complete the proof of Theorem 3.15, we let B’ be as in the claim and



298 J. E. BAUMGARTNER AND ALAN D. TAYLOR

choose A € U such that [4 — H,,,| < w for all {m, n} € [B'’. Enumerate
B’ in increasing order as {b;: i € w}. We define a sequence {4;:i €Ew} C U
as follows. Let 4; = A N A, Suppose 4;, . . ., 4; have been defined. For
each i < n choose k; such that

AI”. - (CO U---u Ck;) c H(bi'bn+l) n H(bn+|.bi)’
Choose d, ., > sup({k;: i < n}) such that
A= (Cou - UGC,) S N{Hes.) N Ho,, b i < 1}

Let 4, =(ANA4,, ) (CuU---UC. ) Itis now clear that if P =
{(x,y):x € B’ andy € A} then P € D X U and f([P]) = (0}.

COROLLARY 3.16. If U and D are Ramsey ultrafilters then U X D is an
arrow ultrafilter iff U and D are not isomorphic.

Proor. Immediate from Theorems 3.3 and 3.16.

COROLLARY 3.17. Suppose D and U, (i € w) are Ramsey ultrafilters and D is
not isomorphic to any U,. Let U = D 3 U,. Then U is an arrow ultrafilter.

Proor. Since D is Ramsey there exists a set B € D such that either
U, = U, for all {x, x'} € [BP or U, = U, for all {x, x'} € [BJ* In the first
case we are done by Theorem 3.12, and in the second case the result follows
from Theorem 3.15.

COROLLARY 3.18. If U and D are weakly Ramsey ultrafilters then U X D is
an arrow ultrafilter iff U and D are incompatible.

Proor. Immediate from Theorems 3.3 and 3.16.

4. Some constructions. In this section we use a well-known consequence of
Martin’s axiom [10] to construct several ultrafilters on «w which show that the
classes of ultrafilters that we are considering are distinct. This consequence of
Martin’s axiom that we will employ is the following assertion (denoted
“P(e)):

P(c): If F C @ (w), |F| < 2% and finite intersections of elements of F are
infinite, then there exists an infinite set A C w such that A — B is finite for all
B € F.

It is easy to see that P(c) is an immediate consequence of the continuum
hypothesis. A proof that P(c) follows from Martin’s axiom (+2% > &,) can
be found in [3]. It is worth noting that a consideration of consequences of
P(c) + 2% > &, long predates the proof of its consistency. In fact, Rothberger
[15] proved that P(c) implies the following assertion, Py(c) (which we will also
need). Recall first that if f, g €“w (the set of all functions mapping w to itself)
then g is said to eventually dominate f (denoted g > f) iff {n € w: g(n) >
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f(n)} is cofinite. Also, if g eventually dominates every constant function then
g is said to be eventually arbitrarily large (abbreviated by “g is e.a.l.”).

Py©). If G C“w, |G| < 2%, and every element g € G is e.a.l, then there
exists f €“w such that fise.a.l. and g > fforevery g € G.

It can be shown that Py(c) is equivalent to the assertion that every family
G C“w of size less than 2% can be eventually dominated. (i.e. 3fVg € G,
g<kf).

Assumptions such as CH, MA or P(c) are useful in constructing ultrafilters
in that they often allow inductive constructions that involve handling 2%
conditions compatibly (e.g. to construct a Ramsey ultrafilter one enumerates
the set { f,: a < 2%} of all partitions f: [w]* — 2 and at stage « insures that f,
will not be a counterexample to the Ramseyness of the ultrafilter being
constructed). When constructing ultrafilters that have some “positive
property” (e.g. weak-Ramseyness) and also some “negative property” (e.g.
non-Ramseyness), one is faced with two problems:

1. The preservation of an inductive hypothesis based on the negative
property.

2. The combinatorial result needed at stage a to obtain the positive
property.

There is a uniform way to handle the first problem using P(c), and in
several different cases the arguments involved in dispensing with the second
problem are similar to one another. In view of this, we have chosen to begin
by developing some machinery in the form of a series of definitions and
lemmas that will allow us to then derive the existence of several types of
ultrafilters by simply appealing to the lemmas and establishing an appropriate
combinatorial result (without ever mentioning P(c) or ultrafilters). In fact, it
turns out in most cases that the combinatorial result needed is a theorem of
finite combinatorics. It should also be mentioned that the machinery develo-
ped here has been employed in work as yet unpublished to simplify the
construction of several kinds of ultrafilters involving classes other than those
considered in the present paper.

DeFINITION 4.1. If &) = {D,: n € w} is a partition of « into pairwise
disjoint sets then a ®D-norm N is an integer valued function satisfying the
following:

1. X € Domain(N) iff X C D, for some n € w.

2.N@@)=0.

3.fX,Y CD,then N(X U Y) < N(X) + N(Y).

4.IfX CY C D,then N(X) < N(Y).

If Nis a 9D-norm and X C w, then we define gf €“wand 8, C P (w) by:
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gx (n) =sup{N(X n D,):i < n},
8y = {X C w: g{ is eventually arbitrarily large}.

The % -norm N is said to be nontrivial iff 8 # 0. If ® = {¢,: a < 2%} isa
collection of propositions pertaining to subsets of w, then we say that the
®)-norm N handles ® iff the following is satisfied:

Va <2%VX € 6,3Y C X [Y € 8, and ¢,(Y) holds].

ExaMPLE 4.2. Let 9 = {D,: n € w} be a partition of w into pairwise
disjoint sets where |D,| = n + 1. Let the %D-norm N be defined as follows.

If s C D, then N(s) =|s|.

Then 8y = {X Cw: VnAm(X N D,| > n)}. Hence, N is nontrivial. Let

{P,: @ < 2%} be an enumeration of all partitions of w where P, = {4

n € w}. Let ® = {¢,: a < 2} where ¢,(X) is the following assertion:
$(X):An Ew (X CAf)orVn € w (X N AZ is finite).

It is easy to check that N handles ®.

REMARK. It follows from 4.4 below that if G, is as in Example 4.2 and if
F C 8y, |F| < 2%, and F is closed under finite intersections, then there exists
aset X € 6y such that X — B is finite for all B € F. This remark, together
with Example 4.2, allows one to construct (using P(c)) an ultrafilter U that is
a P-point but not a Q-point. The P-pointness of U is assured by the fact that
N handles @ and the non-Q-pointness is assured by making U C 8.

LEMMA 4.3. Suppose D = {D,: n € w} is a partition of w and let N be a
D -norm. Then

()Ifx€8yandX C Y, thenY € §,.

(i) If X is finite, then X & .

(i) If X 26y and Y €8y, then X U Y & §,.
Thus, @ (w) — Sy is an ideal on w containing all finite sets and it is proper iff N
is nontrivial.

Proor. Immediate from Definition 4.1.

LeMMA 4.4. Assume P(c). Let D = {D,: n € w} be a partition of w into finite
sets and let N be a nontrivial °D-norm. Suppose F C 8y, |F| < 2* and F is
closed under finite intersections. Then there exists a set A € 8, such that, for
all B € F, A — B s finite.

ProoF. Since F C §,, the collection G = { g): B€e F} satisfies the
hypotheses of Py(c). Thus, there is a function f €“w such that f is eventually
arbitrarily large but f is eventually dominated by g} for every B € F. For
every B € F, let Y be defined as follows:
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Yy ={s:3n(s C B n D,and N(s) > f(n))}.

Notice first that if B € F then Yj is infinite (since g} > f). Also, if
By....,B,_yEF and B=ByN---NB_y, then Y=Yy N--- N
Y, . Thus {Yp: B € F} is a collection of fewer than 2" infinite subsets of a
countable set and is closed under intersections. Thus, by P(c), there exists an
infinite set Y such that Y — Y is finite for every B € F. Let A = UY.
Notice first that 4 — B is finite whenever B € F. To see this, let m be such
that U(Y - Yg)CDyU-+-UD,_;. Now, if x€EA—-(DyU - U
D,,_,), then x € s for some s € Y, so s C D, for some k » m, and thus
s € Yg. Hence s C B N Dy, so x € B. This shows A — B is finite. Finally,
we claim that 4 € 8. This follows since Y N Y} is infinite (for all, hence
some, B € F) and fis e.a.l.

LEMMA 4.5. Assume P(c). Let D = {D,: n € w} be a partition of w into finite
sets and let N be a nontrivial D-norm. Suppose N handles ® = {¢,: a < 2%}.
Then there exists an ultrafilter U on w satisfying the following:

1. Va < 2*3X € U (¢,(X) holds).

2.U c 8y.

PROOF. Suppse a < 2% and {Xp: B < a} has been constructed so that
XN+ NXg €8y whenever B, <:-- < B <a. Let F={Xg
N---NXg:p <+ <P <a}). By Lemma 4.4 there exists a set 4 €
8y such that 4 — B is finite for all B € F. Since N handles ® there exists a
set X, C A such that X, € 8, and ¢,(X,) holds. If B € F then X, = (X, N
B)U (X, — B),so X, n B € §, by Lemma 4.3(ii) and (iii). Lemma 4.3 now
guarantees that {X,: a <2%} U {Y C w: w — Y & Gy} has the finite inter-
section property and so can be extended to the desired ultrafilter U.

LEMMA 4.6. Let ® = {¢,: a < 2%} be the “P-point conditions” given in
Example 42. Let % = {D,: n € w} be a partition of w into finite sets and let N
be a nontrivial °D-norm. Then N handles ®.

PrOOF. Suppose X € 8 and P, = {4 n € w}. For each n € w let
A, = X N A% and assume that for all n € w, 4, £ 6. Then by Lemma 4.3,
AgU-+-UA, 28y and X — (4yU - - - U 4,) € Gy. For each n €w
choose k, € w such that N(D, N X — (4pU -+ U 4,) > nandlets, =
D.NnX—(4,U---UA4,)LetX' =U{s:n€w). ThenX' CX, X' €
Gyvand|X' N 4,| <wforalln € w.

LeMMA 4.7. Let D = {D,: n € w} be a partition of w into finite sets and let
N be a nontrivial D-norm. Suppose X € 8y and f: [X* — k where k < w.
Then there exist Y C X and i < k such that Y € 8y and f({x,y}) =i
whenever {x,y} €[Y}, x € D,,y € D,,and n %+ m.
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ReMARK. The following proof of Lemma 4.7 assumes P(c). This can be
avoided, but at the expense of some complications.

PRrOOF. By Lemmas 4.5 and 4.6 there exists an ultrafilter U on w such that
X € U, U C 8y and U is a P-point. By Theorem 2.3(iii) there exists a set
Y’ € U such that Y’ is eventually homogeneous for f. Then X N Y’ € U so
X N Y’ € 8y. Construct {s,: n €Ew} C X N Y’ inductively as follows. If
Ses - - - » 5, have been constructed then choose k large enough so that fis
homogeneous on all pairs {x,y} with x EsoU---Us,andy EX NY’
—~(DyU -+ + U D). Choose k' > k such that N(X N Y' N D) > n+1
and let s,,, = X N Y’ N D,. Finally, let Y = U{s,: n € w}. Clearly Y is
the desired set.

Having developed this machinery, we now turn to the task of constructing
the ultrafilters showing that the classes we have been considering are distinct.
The kinds of ultrafilters that we want are all non-Ramsey and there are three
distinct types of non-Ramsey ultrafilters:

1. those that are P-points but not Q-points;

2. those that are Q-points but not P-points;

3. those that are neither P-points nor Q-points.

Our constructions of type 1 will depend on the machinery developed in this
section. The constructions of type 2 will depend upon considering a suitable
sum. Constructions of type 3 are similar to type 2 but can sometimes be
carried out without any extra set theoretic assumptions.

We begin with some of type 1, the first two of which are known but are
included for completeness since they follow immediately from the machinery
developed.

THEOREM 4.8 (BoOTH [3] WITH MA). Assume P(c). Then there exists a
P-point that is not a Q-point (and thus not Ramsey).

PROOF. Let ) = {D,: n € w} be a partition of w into finite sets where
|D,| = n + 1. Define a ©-norm N as follows. If s C D, then N (s) = |s]. It is
trivial to check that N is a nontrivial %) -norm, so the theorem follows from
Lemmas 4.5 and 4.6.

THEOREM 4.9 (BLASS [2] WiTH CH). Assume P(c). Then there exists a weakly
Ramsey ultrafilter that is not a Q-point (and thus not Ramsey).

PROOF. Let 6 and N be as in the proof of Theorem 4.8. Let { f,: a < 2%}
enumerate all partitions f: [w]? — 3. Let ® = {¢,: a < 2%}, where ¢,(X) is
the assertion: |f,([X]?)] < 2. By Lemmas 4.5 and 4.6 it suffices to show that
N handles ®. We can suppose then, by Lemma 4.7, that X € §, and
f({x,y}) = i whenever {x,y} €[YP x € D,, y € D,, and n # m. Since
Y € 8, we can use the finite version of Ramsey’s theorem to choose distinct
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k,’s for n € w such that |Y N Dy | > (m)3. Thus, there exist s, €[Y N D, "
and i, < 2 such that f([s,]) = {i,}. Since S = U {s,: n € w} € § we have
(by Lemma 4.3) that S; € Sy for some j < n, where S, = U {s,: i, =/}
Thus S; C X and S; € 8y, and f,(S;P) C {i,}, 50 ¢,(S)) holds. This shows
that N handles ¢ and completes the proof.

THEOREM 4.10. Assume P(c). Then there exists an arrow P-point that is not
weakly Ramsey.

PrOOF. Let ) = {D,: n € w} be a disjoint partition of « such that
|D,| = 21*/21, Define a ®D-norm N as follows: If s C D, then N(s) = m iff
n™"!' < |s| < n™ (and N(@) = 0).

It is easy to check that N is a nontrivial ) -norm. In fact,

8y = {X Cw:Vm3n|X N D,|> n™}

and w € 8, since lim,_ n/2log(n) = oo. Let {f,: a < 2%} enumerate all
partitions f: [w]> — 2 having the property that 3k € w, f(XT) # {1} for any
X €[w]f. Let @ = {¢, A\ ¢ a < 2%} where ¢, is the “P-point condition”
from Example 4.2 and y, (X) is the assertion: £, ([X]?) = {0}. By Lemma 4.6,
it suffices to show that N handles ¥ = {y,,: a < 2%} in order to conclude
that N handles ®.

Suppose then that X € 8y and f: [w]* — 2 is such that f(X]?) # {1} for
any X € [w]*. By Lemma 4.7 there exist Y C X and i < 2 such that Y € §
and f({x,y}) =i whenever {x,y} €[YF, x€D,, y € D,, and n % m.
Clearly we must have i = 0. Hence, to show that N handles ® it suffices to
show that for every m € w there exist n € w and s C Y N D, such that
|s] > n™ and f([s]*) = {0}. Given m choose n € w such that |Y N D,| >
n™*, The following result from finite combinatorics is easy to establish by
induction on k:

n* = (n, k + 1)%

Hence (n™)* — (n™, k + 1)% Since |Y N D,| > n™ and f((X]?) # {1} for
any X € [w]*, we have that there is some set s C Y N D, such that |s| > n™
and f([s]*) = {0}. This shows that N handles {y,,: « < 2*} and so N handles
.

Lemma 4.6 now guarantees the existence of an ultrafilter U C 8 such that
for every a < 2% there is a set X € U such that ¢,(X) and v, (X) hold. This
guarantees that U is an arrow P-point.

It remains only to show that U is not weakly Ramsey. A classical result of
Erdos shows that 27/2 4 (n)%, so for each n € w there exists a function f,:
[D,P = 2, such that if s C D, and f, is constant on [s]?, then |s| < n. Define
g: [0 -3 by
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g({x’J’}) = {f:.({x,y}) if {x,y} E[D"]z’

2 ifx€D,andy € D,and n #+ m.

If |g(XP)| <2 and X meets more than one D,, then |X N D,| < n, so
X Z 8y. Since U C 8, this forces X € U. If X C D, for some n, then we
also have X & U. Hence g shows that U is not weakly Ramsey.

In a preliminary version of this paper the authors proved that one could
construct (using P(c)) a P-point that is not a 3-arrow ultrafilter. The question
as to whether one could construct, say, a 3-arrow ultrafilter that is not
4-arrow was left open. The difficulty encountered in such a construction rests
with the complexity of the finite combinatorics involved. It was Fred Galvin
who settled this question by pointing out that the appropriate result needed is
a recent (and quite deep) theorem of NeSetfil and Rédl [13]. If G is a finite
graph then we let ¥ (G) and E(G) denote the sets of vertices of G and edges
of G, respectively, and cl(G) denotes the clique number of G (i.e. the largest
integer k such that G contains a complete subgraph of size k). Let Cl(k)
denote the class of all finite graphs G such that cl(G) = k. The Nesetfil-Rodl
theorem can now be stated as follows:

For every k > 0 there exists a function NR,: Cl(k) — CI(k) having the
property that if NR,(G) = H and if f: [V(H)P —2, then there exists an
(induced) subgraph G’ of H such that G’ is isomorphic to G and

IS(E@)| =1=|f([V(&)] - E@)

(i.e. f is constant on all pairs of adjacent vertices from G’ and f is constant on
all pairs of independent vertices from G’).

Using the NeSetfil-R6dl theorem, we can now combine our result on
P-points that are not 3-arrow with Galvin’s theorem in the following:

THEOREM 4.11. Assume P(c). If 2 < k < w then there exists a P-point U
such that U — (U, k)? but U 5 (U, k + 1)%

ProOF. Fix k with 2 € k < w. Let C, denote the complete graph on k
points if k£ > 3 and let C; denote any 3 point graph with one edge if k = 2.
Let NR{ denote the n-fold composition of the function NR, from the
Nesetfil-Rddl theorem (with NRQ = identity). Let ) = {D,: n € w) be a
disjoint partition of w such that |D,| = |V (NRZ(C,))|. We will regard D, as
being equipped with a graph isomorphic to NR/(C,).

Define the integer valued function N as follows:

IfsCD,then N(s)=piffs=0andp=0ors+#0andp — 1 =inf(m
€ w: s contains no isomorphic copy of NR["(C,)}.

We claim that N is a %-norm. To see this, suppose X, Y C D, with
N(X) =k, and N(Y) = k,. Assume, for contradiction, that N(X U Y) >
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k, + k, + 1. Then clearly k, > 0 and k, > 0 (since N(s) =0 iff s = 0).
Choose H C X U Y such that H is isomorphic to NR¥1**:~1(C,). Define f:
[V(H)? -2 by f({a, b)) =0, iff {a,b} C X or {a,b} C Y. Then there
exists an (induced) subgraph G’ of H such that G’ is isomorphic to
NRH=D+&a=1(C,), and either |G’| < 2 orelse G’ C X or G’ C Y. If |G'| <
2 then we must have k; = 1, k, = 1 and k = 2, in which case we clearly have
N(X U Y)<2If say, G' C X then X contains an isomorphic copy of
NR{™H(C), so N(X) > k, + 1. Similarly, if G’ C Y then N(Y) > k, + 1
and we have the desired contradiction.

Notice also that the %) -norm N is nontrivial since w € 8,,. Moreover, if U
is any ultrafilter on w such that U C 8, then U4 (U, k + 1)% as can be
seen by considering the function f: [w]* — 2 where f ({x,y}) = 1 iff there is
some n such that x and y are adjacent in the (isomorphic copy of the)
Nesetiil-Rodl graph NR/(C,) on D,

Let { f,: @ < 2"} enumerate all partitions f: [w]* — 2 with the property that
if f(XP) = {1} then |X| < k. Let ¢,(x) be the assertion that f, (X ) = {0}.
We claim that the % -norm N handles ® = {¢,: a < 2%}. Suppose then that
a <2% and X € §y. By Lemma 4.7 there exists a set ¥ C X such that
Y € 8y and such that f,({x, y}) = O whenever {x,y} E[YR, xED,, y €
D, and n # m. For m € wlet N, = {s: N(s) > m}. Then the Nesetfil-Rodl
theorem shows that for sufficiently large m we have 9N, ., — (9, k)% To
see this, suppose s € N,,,, and f: [sP -2 is such that |[X| < k whenever
S(IXP) = {1}. Then there exists ¢ C s such that r € N,,, and there exists n,
and n; such that f({x,y}) = n, whenever {x,y} €[] and x and y are
adjacent, and f({x, y}) = n, whenever {x,y} €[¢]* and x and y are inde-
pendent. Since the clique number of ¢ is k we must have n, = 0. Moreover, if
m is large then |¢| is large enough so that Ramsey’s theorem guarantees that
we must also have n; = 0. Hence, we obtain a set ¥’ C Y such that Y’ € §,,
and ¢,(Y’). Thus N handles ® = {¢,: a < 2*}. Lemma 4.5 now guarantees
the existence of the desired ultrafilter.

COROLLARY 4.12. Assume P(c). Then there exists a P-point that is not a
3-arrow ultrafilter.

Proor. This is simply the case k = 2 of Theorem 4.11.

Theorems 4.8-4.11 give the necessary types of non-Q-points needed to
show the classes are distinct. We now turn to the construction of a couple of
non-P-points that are needed. As indicated previously, special types of
non-P-points can often be found by considering suitable sums. Of course, the
existence of the types of ultrafilters needed to form an appropriate sum may
depend on some extra set theoretic assumption like P(c). Nevertheless, there
is an advantage to avoiding an outright inductive construction. Namely,
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proofs involving products and sums often generalize to yield interesting
classes of k-complete ultrafilters on a measurable cardinal k. This will be
pursued somewhat further in the next section.

THEOREM 4.13. Suppose {U;: i € w} is a set of pairwise nonisomorphic
Ramsey ultrafilters. Let 2 < k < w, let D be a k-arrow P-point that is not
(k + 1)-arrow and assume that D is incompatible with each U, Let U =
D 3 U,. Then U is a k-arrow Q-point that is not (k + 1)-arrow.

Proor. The fact that U is a k-arrow ultrafilter follows from Theorem 3.12,
and U cannot be (k + 1)-arrow since the (k + 1)-arrow ultrafilters are closed
downward in the Rudin-Keisler ordering and D < gxU. The fact that U'is a
Q-point is a result of Puritz [14]. (This also follows quite easily from Lemmas
3.4 and 3.5.)

COROLLARY 4.14. Assume P(c). If 2 < k < w then there exists a Q-point U
such that U — (U, k)* but U 4 (U, k + 1)~

COROLLARY 4.15. Assume P(c). Then there exists a Q-point that is not a
3-arrow ultrafilter.

ProoF. This is simply the case k = 2 of Corollary 4.14.

THEOREM 4.16. Assume P(c). If 3 < k < w then there exists a k-arrow
ultrafilter that is not (k + 1)-arrow, not a P-point and not a Q-point.

Proor. If U is weakly Ramsey and D is a k-arrow P-point that is not
(k + 1-arrow, and if U and D are incompatible in the Rudin-Keisler
ordering, then D X U is the desired ultrafilter, as can be seen from Theorem
3.15 and the fact that the (k + 1)-arrow ultrafilters are closed downward in
the Rudin-Keisler ordering.

THEOREM 4.17. There exists an ultrafilter U that is not a P-point, not a
Q-point and not a 3-arrow ultrafilter.

PROOF. Let U = V X V where V is any ultrafilter on w. Then it is well
known that U is neither a P-point nor a Q-point. The fact that U is not a
3-arrow ultrafilter follows from Theorem 3.3.

The following Venn diagram illustrates the relative positions (assuming
P(c)) of the classes of ultrafilters that we have been considering. The numbers
indicate the theorems showing that the respective regions are nonempty.
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P-point Q-point

Ramsey

4121 4.11 4.14 | 4.15

Arrow 3.16 |4.16 | 4.17

3-Arrow

5. Extensions to measurable cardinals. In this section we briefly consider
some possible extensions of the results in §§1-4 to the case where U is a
k-complete ultrafilter on the uncountable measurable cardinal k. For brevity,
we will refer to such an ultrafilter U as a k-ultrafilter. The generalizations of
the definitions of P-point, Q-point, etc. to this situation are the natural ones
and can be found in either [6] or [7]. We being by collecting together some
known results in the following.

THEOREM 5.1. (i) (RowBOTTOM [16]). A k-ultrafilter U is Ramsey iff U is
isomorphic to a normal ultrafilter on «.

(i) (KETONEN [7]). 4 k-ultrafilter U is a Q-point iff U is isomorphic to a
k-ultrafilter D that extends the closed unbounded filter on .

(iii) Assume that « is a measurable cardinal and a limit of measurable
cardinals. Let U be a normal ultrafilter on k and for each measurable cardinal
p < « let D, be a normal ultrafilter on . For each a < « let m(a) be the least
measurable cardinal greater than . Define the k-ultrafilter D on by

X€eEDiff{la<k:Xn m(a) € D} € U.

Then: (a) (KETONEN [7]). D is a P-point but D is not a Q-point.
(b) (KANAMORI [6]). D is a weakly Ramsey k-ultrafilter.

The next theorem shows that the mere assumption of the existence of an
uncountable measurable cardinal is not enough to allow us to prove much
about these classes of ultrafilters.

THEOREM 5.2. Suppose U is a normal ultrafilter on x and V = L[U]. Then
the classes of Ramsey ultrafilters, P-points, Q-points, weakly-Ramsey ultrafilters
and 3-arrow ultrafilters all coincide.
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ProOF. If D is isomorphic to the unique normal ultrafilter U on « then D
belongs to all the classes. If D is not isomorphic to U then a result of Kunen
[9] shows that D is isomorphic to U” for some n such that 2 < n < w. A
product is never a Q-point or a P-point (and therefore neither Ramsey nor
weakly-Ramsey). Moreover, the argument given in the proof of Theorem 3.3
extends easily to show that U” is not a 3-arrow ultrafilter.

The results in §2 extend easily to yield the following where U is a
k-ultrafilter on the uncountable measurable cardinal «.

THEOREM 5.3. (i) If U — (U, w)? then U is a P-point.

(i) If U - (U, x)* then U is a Q-point.

(iii) U is Ramsey iff U — (U, &2 iff U — (U, 4"

(iv) If U is weakly Ramsey then U — (U, N)? for all A < k.

As a sample of an extension of the results in §3, we mention the following.

THEOREM 5.4. Suppose D and {U,: a < k} are normal ultrafilters on x and
D is distinct from each U,. Then D Z U, is an arrow ultrafilter (i.e. D = U, —»
(D 2 U, n)* for all n € w). In particular, the product of distinct normal
ultrafilters on « is an arrow ultrafilter.

THEOREM 5.2 showed that the mere assumption that x is an uncountable
measurable cardinal is not sufficient to yield any results analogous to those of
§4 concerning P-points, Q-points and arrow ultrafilters. However, the tech-
niques of this section do yield the following.

THEOREM 5.5. Suppose that k is the kth measurable cardinal and that  carries
« normal ultrafilters. Then there are k-ultrafilters U,, U, and U, on x having the
Jollowing properties.

1. U, is an arrow P-point but not a Q-point.

2. U, is an arrow Q-point that is not a P-point.

3. Uy is @ Q-point that is not 3-arrow.

6. Questions. Theorems 3.3 and 3.15 come close to giving necessary and
sufficient conditions for a product to be an arrow ultrafilter. Nevertheless,
they do fall short and this, of course, suggests the following:

QUESTION 6.1. Suppose U and V are incompatible arrow P-points. Is
U X V then necessarily an arrow ultrafilter?

An affirmative answer to 6.1 would also provide an affirmative answer to
the following,.

QUESTION 6.2. Suppose U X V is an arrow ultrafilter. Is ¥ X U then
necessarily an arrow ultrafilter?

Kunen has shown [8] that it is consistent with ZFC that there are no
Ramsey ultrafilters on w, and Blass [2] has used this to show that it is also
consistent with ZFC that there are no weakly-Ramsey ultrafilters on . This
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suggests several questions, of which we mention two. (The remark following
the proof of Theorem 3.3 is also relevant here.)
QUESTION 6.3. Can one prove in ZFC that arrow ultrafilters exist?
QUEsTION 6.4. Is it consistent with ZFC that there exists a unique (up to
isomorphism) Ramsey ultrafilter on w?
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